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Abstract  

 Background: When subjected to tensile stress at elevated temperatures, precipitation-strengthened 

Ni-based single crystals exhibit the elongation in shape, coarsening in size, and more intriguingly rafting 

of the L12-structured γ' precipitates, accompanied by the formation of face-centered-cubic γ matrix bands 

oriented perpendicular or parallel to the loading direction. Objective: Existing modeling efforts 

predominantly emphasize Eshelby-type configurational forces, i.e., the reduction of elastic potential energy 

arising from elastic interactions and interfacial dislocations. However, these analyses are mainly for the 

precipitate elongation, while detailed kinetic analyses remain lacking and the Herring-type self-diffusional 

mechanisms are generally not incorporated. Methods: In this work, we establish a comprehensive 

chemomechanical framework that integrates both Eshelby and Herring formalisms. Guided by extensive 

experimental parametric studies spanning a wide range of temperatures and loading rates, a mechanistic 

phase diagram is identified that distinctly separates elongation and rafting regimes. Conclusions: Energetic 

and kinetic comparisons demonstrate that rafting is governed by a stress-gradient-controlled self-diffusional 

process, rather than by the Eshelby-type species-diffusional mechanism. This unified framework not only 

rationalizes the experimentally observed mechanistic phase diagram but also clarifies the distinct physical 

origins of elongation and rafting in Ni-based single-crystal superalloys. 
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Introduction  

 Precipitation-strengthened Ni-based single crystals are commonly used for elevated temperature 

applications such as gas turbine blades in aircraft engines. Single crystalline materials can be processed by 

directional solidification, which avoids the commonly observed grain-boundary cavitation processes in 

polycrystalline counterparts. A densely populated array of L12-structured γ' precipitates, e.g., 70% volume 

fraction, are embedded in the face-centered-cubic (FCC) γ matrix. The two phases have very low, but 

nontrivial, mismatch in lattice constants and elastic moduli. At high temperatures, the intermetallic 

precipitate phase provides the needed strength, while dislocations cannot easily glide or climb, and thus 

usually cluster on the phase boundaries. These synergistic effects contribute to the excellent creep resistance 

of such second-generation Ni-based superalloys. However, ever since early days of its development and 

utilization, the γ/γ' superalloy exhibits a notorious microstructural evolution, denoted as rafting [1-3]. That 

is, precipitates elongate and “rafts” develop normal to the uniaxial tensile direction (Type N; more 

commonly seen), or parallel (Type P). The corresponding creep resistance is degraded, and, moreover, 

rafting can exacerbate and accelerate micro-cracking or other damage processes under creep-fatigue-

oxidation conditions [4,5]. It is obviously a critical task to fully understand the mechanisms governing the 

complex interactions of microstructural evolution and mechanical deformation.  

 Before delving into the mechanistic origin of rafting, we first show some representative 

observations by the scanning electron microscopy (SEM) images in Figs. 1 and 2, which are based on our 

extensive parametric studies of processing and testing conditions, as well as advanced characterizations [6-

9]. In these recent works, the second-generation Ni-based superalloy has the composition of 4.2Cr-8.8Co-

2.2Mo-9.0W-8.0Ta-2.3Re-0.5Nb-5.1Al-0.1Hf-Ni in wt.%. This is similar to the commercial products such 

as CMSX4 and DD6. Single crystal samples were prepared by the Bridgman method, with the typical <001> 

growth direction. The as-grown rods were solid solution treated with 1290 °C/1h + 1300 °C/2h + 

1315 °C/2h + 1325 °C/4h + 1330 °C/4h/AC, and then followed by a two-step aging process (1120 °C/4h/AC 

+ 870 °C/24h/AC). Tensile tests across a wide range of temperatures were conducted at a controlled strain 

rate. While experimental details are not reiterated here, it should be noted that the full microstructural 

evolution from room temperature (RT) to 1100 °C, with loading rate ranging from 10-1 to 2×10-5 s-1, and at 

interrupted strain levels, can be found in our previous experimental works [6-9]. These observations have 

found more salient features than previous works and thus motivate the construction of a “mechanistic phase 

diagram” in this work here. The corresponding stress-strain curves (not included for brevity) for Figs. 1 and 

2 give the fracture strain of 20~25%, so that one can estimate the total testing time from the labeled strain 

rate.  

 Under the same loading rate of 10-3 s-1 and thus the total duration of ~250 s in Fig. 1, microstructural 

evolution depends sensitively on the temperature. The elongation of γ' precipitates increases from about 1.5 
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to 2 when temperature rises from 900 to 1100 °C. In Fig. 1(c), the γ' precipitates form percolated stripes, 

which alternate with the soft matrix γ phase. This is the Type-N rafting since these stripes are perpendicular 

to the <001> loading direction. Note the γ' phase is cuboid or prismatic-like with the principal 

crystallographic axes aligning with its edges. Since the temporal duration is the same, the contrasting 

behavior at these three different temperatures suggest the kinetic process obeys the Arrhenius dependence, 

but the detailed mechanisms are not directly known. On the other hand, observations in Fig. 2 were taken 

from the same temperature (so that diffusivity, mobility, or other kinetic parameters are not changing), but 

with different loading rates. In other words, the total duration of testing changes from a few to ~10,000 

seconds. Note that this is a creeping material, so that the flow stress shows a strong strain-rate dependence. 

The corresponding stress information is contained in the figure caption. Under short-time loading, the 

elongation (aspect ratio in Fig. 3) is about 1.5 under a few seconds in Fig. 2(a) and saturates to about 2.0 

under a few hundred seconds in Fig. 2(c). Upon the occurrence of rafting, the inter-precipitate space in the 

transverse direction vanishes, and, simultaneously, elongation in the longitudinal direction halts. The 

transition from elongation in (a)-(c) to rafting in (d)-(e) suggests a characteristic time for rafting of ~1000 

s at 1050 °C.  

 Define the geometric parameters for γ and γ' phases in Fig. 3(a), and their ratios are assembled in 

Fig. 3(b) with respect to temperature but under a fixed loading rate of 10-3 s-1. The thick solid curves 

correspond to the SEM images at fracture. Additional data at intermediate strain levels are included at 900 

and 1100 °C (taken from [8]), which correspond nicely with the mere elongation in Fig. 1(a) and the rapid 

occurrence of rafting in Fig. 1(c). Representative SEM images in Figs. 1 and 2, as well as the quantitative 

data in Fig. 3(b), reveal that elongation and rafting are two distinct “modes” and are sensitive to temperature 

and loading rate (or equivalently temporal duration). When rafting occurs, γ' precipitates resemble a rigid 

“skeleton” while the inter-precipitate γ phase in transverse direction “drains” off. Consequently, our 

thorough parametric studies in [6-9] reveal the “mechanistic phase diagram” as shown in Fig. 3(c) and 

summarized in Table 1, whereas the boundary delineates the elongation vs rafting modes.  

 The primary objective of this work is to rationalize the underlying mechanisms for this newly 

discovered map in Fig. 3(c), which contains far more useful information than the present literature. In the 

following, the section of Methods first reviews the present understanding that is based on the energetic 

driving force of the Eshelby type. A complete chemomechanical framework is established which 

distinguishes the mechanistic origins for Eshelby versus Herring mechanisms, the latter providing the 

driving force from the stress gradients. The section of Results conducts the kinetic analysis and derives the 

characteristic time scale for rafting, which is further compared to our experiments in Figs. 1-3. The section 

of Conclusions emphasizes the importance of proper treatments of chemomechanics, which, together with 
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the complete experiments in a vast parametric space, results into the identification of the mechanistic origin 

of rafting in γ/γ' superalloy.  

 

Methods  

 Elastic Case: In Eshelby micromechanics [10], considering an inclusion with a transformation 

strain of T
ij  and assuming the same elastic constants in inclusion and matrix phases, the total elastic 

potential energy is written as 

  0 0 0 0 0
,

1 1

2 2
all all inclusion inclusion

I T T
ij i j i i ij ij ij ij

S

from extenral field only from transformation strain only interaction of two f

u dV T u dA dV dV    
  

                     
          
   

 
ields


, (1) 

with the stress tensor ij , strain tensor ij , displacement vector iu . Throughout this work, Latin indices run 

from 1 to 3, and summation convention is implied for repeated indices. A comma indicates differentiation, 

e.g., ,i j i ju u x   . Here we have two sets of elastic fields. The first one (denoted with superscript “0”) 

arises from the externally applied surface traction 0
iT , corresponding to the first term in Eq. (1). Due to T

ij  

in the inclusion, the resulting field is denoted with superscript “I”, which, if acting alone, gives the elastic 

potential energy as shown by the second term in Eq. (1). The third term is the interaction energy of the two 

fields, which is the mechanistic driving force in many stress-induced phase transformation phenomena (e.g., 

precipitation in [11] and martensite in [12]). 

 Despite the complexity in solving the elastic fields, an interesting solution is that, regardless of 

inclusion shape, as long as the transformation strain is diagonal (i.e., 11 22 33
T T T      ), the second term 

in Eq. (1) is always equal to 
2

1 inclusion

E
V




 with the Young’s modulus E, Poisson’s ratio ν, and inclusion 

volume inclusionV . The integrand in the third term in Eq. (1) is constant and thus the integral is independent 

of the shape. Therefore, an applied tension cannot result into the elongation of the precipitates. However, 

removing the assumption of same elastic constants can change this conclusion. For example, Johnson and 

Cahn [13] shows that if the second phase is more compliant than the matrix, the elongated shape is 

energetically more favorable than the symmetric one. With the accurate knowledge of lattice and modulus 

mismatches, one can compare the elastic potential energies of various shapes, thus giving rise to the 

energetic driving force for the morphological evolution. This is the essential idea adopted in classic works 

by Pineau [2], Johnson and Cahn [13], Socrate and Parks [14], and Nabarro et al. [15,16].  

 Since both γ and γ' phases are cubic lattices, the lattice mismatch can be defined as 
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 2 a a

a a
 

 

 







 (2) 

where a is the lattice constant of FCC or L12 phases. Using the neutron diffraction technique, Huang et al. 

[17] accurately measured the lattice constants in the range of 800~1200 °C for CMSX-4 and similar 

superalloys. Since δ is very small, the diffraction peaks of these two phases overlap, but can be separated 

due to the deep penetration capability of neutron beam and the resulting bulk average of a large number of 

grains. It is found that a  is slightly larger than a  , and   -(0.1~0.3)%. The elastic constants of the two 

phases are very difficult to separate from bulk measurements. In Epishin et al. [18], the sonic resonance 

method is used to measure the overall elastic constants of CMSX-4. Those of the γ phase are taken from 

measurements above the γ' solvus, so that those of the γ' phase can be determined b inverting the Reuss-

Voigt-Hill homogenization from the γ' volume fraction. The elastic constants, 11C , 12C , and 44C , of γ phase 

are slightly larger than those of γ' phase by a few percent. Solving the anisotropic elasticity boundary value 

problem is significantly complex, so that the following modulus mismatch is commonly used, 

  
E E

m
E

 



  , (3) 

where E should be taken as 11 12C C . From measurements in [17] and [18], γ/γ' superalloys like CMSX-4 

and ours in Figs. 1-3 have 0   and 0m  .  

 According to Nabarro et al. [15,16], the driving force for the morphological change is proportional 

to this product, appl m  , where appl  is the applied tensile stress and δ and m are defined in Eqs. (2) and 

(3), respectively. Even with a nontrivial δ but m=0, there is no driving force for the shape change. 

Furthermore,  

 Elongation in tensile direction:  𝜎௔௣௣௟𝑚𝛿 > 0 (4)  

which exactly applies to our material under tension, and the elongation in Figs. 1 and 2 agree with this 

prediction. It should be noted that this criterion cannot be extended to the rafting regime, in which 

percolated stripes form, although such subtleties are often unrecognized.  

 Plastic Case: Dislocations cannot be seen from SEM images in Figs. 1 and 2. While not included 

here, transmission electron microscopy (TEM) observations from our parametric studies in [6-9] reveal the 

accumulation of dislocation arrays/loops on the γ/γ' phase boundary. Determining the microstructural 

evolution certainly requires the energetic contributions from such plastic deformation, as handled by at least 

three different ways in literature.  

 The first way is the criterion proposed by Arrell and Vallés [19], which compares the dislocation 

energy when the precipitate shape and dislocation configuration are changed. However, the scaling 

relationship of various energetic terms is not addressed here. It is noted that the elastic potential energy in 
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Eq. (1) scales as the inclusion volume, i.e., 2 3E L , where the difference between xL  and yL  is not 

considered. Furthermore, δ may be reduced by the in-plane component of Burgers vector of the interface 

dislocation. The interface energy scales as 2
s L  with s  being the phase boundary energy per unit area. 

The interface dislocations give an energy that scales as 
2 2

ln
cutoff

b L L
E

r
, where b is the Burgers vector, λ is 

the dislocation spacing, and cutoffr  is a short-range cutoff radius [20]. Additionally, an interaction energy 

term exists due to the work done by the elastic fields from Eq. (1) on these dislocations. An energetic 

analysis, if missing the above size dependence and various energies, will become elusive.  

 In the works by Socrate and Parks [14] and Nabarro et al. [15,16], plasticity is not introduced 

through an explicit dislocation energy term, but treated as an anelastic, effectively reversible strain whose 

influence enters the problem through the Eshelby configurational force acting on the γ/γ′ interfaces. The 

derivation is based on the Eshelby energy-momentum tensor [21] and will not be elaborated here. A 

configurational force per unit area and normal to the interface is 

  𝐹 = ⟦𝑊௘⟧ − 𝑇௜൳𝑢௜,௝൷𝑛௝, (5) 

where jn  is the interface normal (see Fig. 4 later), and the operator ⟦. . ⟧ denotes the discontinuous jump of 

the argument within. When an interface migrates during precipitate elongation, it sweeps through regions 

that have previously undergone plastic flow, thereby changing the work done by the external stress. 

Plasticity therefore modifies the driving force via the work term, i.e. the second one on the right hand side 

of Eq. (5), rather than by contributing directly to stored internal energy. In other words, the driving force 

changes from Eq. (4) to −𝜎௔௣௣௟𝜀௣, with 𝜀௣ being the plastic strain next to the precipitates. This approach 

contrasts with that of Arrell and Vallés [19], who explicitly include dislocation storage energy in the free 

energy and treat plasticity as an irreversible, dissipative contribution to the thermodynamic driving force. 

The criterion in Eq. (4) is therefore modified as follows [14-16]. When the plastic strain just slightly exceeds 

m , the plastic deformation in the matrix is rather complex near the precipitate phase, and where the initial 

plasticity takes place relies on the sign of 𝜎𝛿. Detailed simulations in Socrate and Parks [14] show that the 

precipitate will elongate transversely when  <0 (e.g., the longitudinal elongation in our material should 

thus cease). Since the magnitudes of lattice mismatch and modulus mismatch are small, this criterion 

appears to be more applicable than the elastic one. However, there are two challenges here. Not only a 

direct comparison to our experimental observations in Figs. 1 and 2 fails to work as will be explained in 

details shortly, but also the matrix will quickly develop into a full plastic field or even creeping flow so that 

the elastic-plastic analyses in [14-16] may not apply.   
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 Yet another approach to incorporate the plastic deformation is through the introduction of plastic 

work energy density, pW , which is intended to account the contribution to the elastic distortion from the 

residual dislocations. Clearly, not only an extra relationship between dislocation density and plastic strain 

is required, but also the exact form of pW  differs throughout the literature. In the phase field formulation 

by Gaubert et al. [22], a mixed isotropic-kinematic hardening law is adopted for the soft γ phase, and pW  

is taken from a temporal integral of the product of back stress and plastic strain rate. On the other hand, 

using a crystal plasticity formulation, Bower and Wininger [23] adopts the conventional product of resolved 

shear stress and crystalline slip rate, but multiplied by a Taylor-Quinney fractional factor so as to exclude 

other irreversible dissipative processes.   

 While the above formulations are often invoked to rationalize microstructural evolution in γ/γ' 

superalloy, our experimental parametric studies [6–9] show lots of features that cannot be explained in the 

classic framework, as compiled in Figs. 1-3. First, as shown in Fig. 3(c), a distinction between elongation 

and rafting clearly emerges. Note all data here are for approximately the same failure strain, so that the 

temporal duration is inversely proportional to the loading rate on the vertical axis. This newly discovered 

mechanistic phase diagram challenges all the above literature models, as predictions like in Eq. (4) are for 

elongation, but not for the percolated stripes in rafting.  

 Second, except for the phase field approach, the above models only provide an energetic driving 

force. That is, a comparison of the total free energy of various configurations suggests the equilibrium states, 

but no kinetic processes are explicitly specified. Therefore, a vast set of microstructural information with 

respect to time are not utilized in analyzing the validity of these models. The phase field approach (e.g., 

[22]) uses the functional derivative as the driving force, which is essentially the same as the Eshelby energy-

momentum tensor formulation in Eq. (5), except the latter is for a sharp interface. The commonly used 

Cahn-Hilliard formulation in these phase field simulations implicitly assume that the kinetics is the 

diffusional rearrangement of the composition field, which is clearly the different molar fractions of Ni and 

Al in γ and γ' phases. Diffusivities in the intermetallic phase are much lower, and the species diffusivity of 

Al in γ, AlD , is at least one order or magnitude higher than that of Ni in γ, NiD . Therefore, the time scale 

should be dictated by AlD , and the temperature dependence is given its corresponding Arrhenius 

relationship,  

  ,0 exp Al
Al Al

g

Q
D D

R T


   
   

 
, (6) 

where ,0AlD  is a prefactor, gR  is the gas constant, and AlQ  is the activation energy. However, the phase 

diagram in Fig. 3(c) points out that the kinetic processes for elongation and for rafting should differ. In 
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other words, the evolution of elongation is governed by AlQ  in Eq. (6), but that of rafting by a different 

activation energy. When two Arrhenius relationships compete, their boundary can be described by a Zener-

Holloman-type equation,  

  exp rafting elongation
appl

g

Q Q
const

R T


 
  

 
 , (7) 

where elongation AlQ Q , and raftingQ  is unknown for now but must be larger than elongationQ  because of the 

positive slope of the boundary in Fig. 3(c). 

 Third, results in Figs. 1-3 provide additional validations to our hypothesis that the phase diagram 

should arise from two competing kinetic processes. Under intermediate temperature and high loading rate 

in Fig. 3(c), although there is a slight or moderate increase of dislocation density with respect to creep 

deformation, it is observed that the growth of γ' aspect ratio is not correlated closely to the plastic strain and 

the dominant elongation mode appears to be unaffected. More importantly, for the rafting mode under high 

temperature and low loading rate in Fig. 3(c), there is literally no change of dislocation density and network 

from TEM observations. The shape of γ' precipitates does not change noticeably, while the percolated γ 

stripe continues to thicken dramatically. This is the schematic drawing in the bottom right of Fig. 3(c). 

 Fourth, these superalloys are often doped with refractory elements to enhance the creep resistance. 

Under the Eshelby framework, it naturally follows that large elements like Re will segregate at the phase 

boundary, thus reducing the lattice misfit and the energetic driving force. Furthermore, Arrell and Vallés 

[19] and others suggest the possible role played by the segregation of other minor elements such as Cr and 

Re near the dislocations. But our energy dispersive X-ray spectroscopy (EDS) measurements disapprove 

such elemental redistribution. As shown in our example in [24], the compositions in the two phases remain 

largely unchanged before and after creep, while the Re element field change is related to the formation of 

topologically close-packed phases. Taken together, the above three points highlight the incompleteness of 

existing models and motivate the development of a comprehensive mechanistic study.  

 Chemomechanical Modeling Framework: Our method is based on the formulation in Bower and 

Wininger [23], but with further extensions to include the Eshelby configurational force [21] and the Herring 

formalism [25-29], as shown in Fig. 4. The interface normal n and the tangential vector t span a Cartesian 

coordinate that changes with respect to the arc length s. The chemical potential of atoms on the two sides 

of the interface is 

   0 1
,2 s e p i i j j i ij jW W Tu n n n            , (8) 

where 0  are the reference values,   is atomic volume,   is curvature (the two bodies see the opposite 

concavity), s  is the phase boundary energy per unit area, eW  and pW  are the elastic and plastic energy 
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densities as explained before, ij  is the stress field, i ij jT n  is the interface traction, and n i ij jn n   is 

the normal stress. The linear dissipative law dictates the flux from the gradient of the chemical potential, 

i.e., j M    , where the mobility parameter M relates to a diffusivity parameter D through the Einstein-

Nernst relationship, 
B

D
M

k T
 , with Bk  being the Boltzmann constant.  

 The tangential flux of atoms along the phase boundary is therefore given by 

  
2

bt b
t

B

D
j

k T s

 



 


, (9) 

  
     ,

2
bt b bt b

t t t e p i i j j n
B B Herring termEnergy term

D D
j j j W W T u n

k T s k T s

  
 

 

                   
    


, (10) 

where btD  is the tangential diffusivity along the phase boundary and b is the total thickness of the diffusion 

layer. The flux of atoms from S- to S+ is  

      ,
bn bn

n s e p i i j j
B n B n

Gibbs Thomson Energy momentum tensor

D D
j W W T u n

k T k T

    

 

 
          

    

          
, (11) 

where bnD  is a diffusivity for the interface migration in the normal direction and n  is an effective 

diffusion distance. A kinematic consideration gives the velocity of each side of the interface  

  t
n n

j
v j

s





  


. (12) 

Therefore, the normal velocity of the phase boundary is given by    1 1

2 2n n t t nv v j j j   


   


, and the 

phase boundary thickening rate is ⟦𝑣௡⟧ = 𝑣௡ା − 𝑣௡ି = −
డ

డ௦
(𝑗௧ା + 𝑗௧ି).  

 The various terms in Eqs. (8)-(11) are explained as follows. It should be reminded that the focus of 

this work is placed on the self-diffusion, so that the additional terms with respect to composition fields are 

not included in the above formulation.  The term of s   arises from the Gibbs-Thomson law. The Eshelby 

energy-momentum tensor [21] is derived from the functional derivative of the elastic potential energy with 

respect to a perturbed migration of the interface. Note that iT  and n  are continuous across the interface, 

but the jump of Eshelby energy-momentum tensor, ⟦𝑊௘⟧ − 𝑇௜൳𝑢௜,௝൷𝑛௝, is nontrivial. Adding ൳𝑊௣൷ is based 

on the extra deformation energy due to dislocations, but one can also use the approach in [14-16] by adding 

the plastic strain into the work term in Eq. (5). The Herring term should be explained as the additional work 

of adding one atom to (or inversely moving a vacancy away from) the location of interest [25]. Unlike the 

Eshelby term, one cannot derive it from the functional derivative from the elastic potential energy. We must 
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add this process into a variational framework, e.g., principle of virtual power [26]. The normal stress has 

no jump, so that it does not appear in Eq. (11).  

 The formulation of Eq. (10) can degenerate into several well-known problems. For example, a 

strained thin film can develop into wavy or island like surface morphology – a process called quantum dot 

formation. The free surface is traction free, so that the only remaining driving force in Eq. (10) is the elastic 

energy density. For another example, a cavity lying on the interface of two rigid grains can grow – a process 

denoted as the Hull-Rimmer mechanism. The rigid body assumption results into the only nontrivial driving 

force in Eq. (10) being the Herring term. Furthermore, the competition between Herring diffusion to 

dislocation creep is well explained in [26,27]. It also plays the critical role in “cold welding” nano-objects 

[28,29].  

 Lastly, for completeness, when dealing with self-diffusion in bulk, there is no discontinuous jump 

or curvature term. The bulk flux is essentially the same as Eq. (10), with the replacement of n  by the mean 

stress mean .  

 

Results  

 When using the chemomechanical framework in Fig. 4 to γ/γ' superalloy, it should be noted that 

the self-diffusion flux can be through the bulk (Location B to Location A) or along the phase boundary 

(Location B* to Location A*) as depicted in Fig. 5(a). To avoid complicated numerical simulations but still 

to capture the essential features, we use the schematic in Fig. 5(b) to justify why A and A* have higher 

tensile stress, so that their chemical potentials are lower according to Eq. (8).  

 The tensile deformation can be approximated by alternating two types of horizontal layers in 

longitudinal direction. The percolated γ phase forms a soft layer, while alternating γ and γ' phases in 

transverse direction forms the other type of layer. This distinction in Fig. 5(a) permits the simple analysis 

in Fig. 5(b). In situ neutron diffraction techniques can be used to obtain the lattice strain evolution of the 

constituent phases over a wide range of testing temperatures, from which the phase-specific stress-strain 

curves can be extracted [30]. Again, this is another unique set of experimental parametric studies that were 

unavailable when the classic elongation/rafting models were proposed. For brevity, we only draw the 

attention to the observation that the flow stress or creep strength of the γ' phase is much higher than that of 

the γ phase, thus leading to the schematic illustration in Fig. 5(b). The loading direction is in the iso-stress 

condition, so that A appl  . The longitudinal stress on the layer of γ/γ' is shared on the two phases in the 

iso-strain condition,  

  
2 2

1 x x
B C appl

x x x x

L L

L L L L

 

     
 

 

    
            

, (13) 
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corresponding to the geometric construction by the vertical dashed line in Fig. 5(b). Thus, A B  .  

 The thinning of xL  at Location B can be obtained from the Herring diffusion and a kinematic 

relationship,  

  x lattice A B
y x B A x

B y

dL D
L L j L

dt k T L

 
  



 



    , (14) 

where latticeD  is the lattice diffusivity in the γ phase. The Herring diffusion from B* to A* follows Eq. (10), 

leading to the same representation but with a boundary diffusivity btD , instead of latticeD . Define an 

effective diffusivity, 1 b bt
eff lattice

x lattice

D
D D

L D
 

 

 
  

 
. The solution is given by  

  
 
 ,0 ,0 2*

exp exp eff A B
x x x

B y

Dt
L L L t

t k T L


  



              
 

. (15) 

The associated time scale can be estimated as follows. At 1050 °C, take effD  in the range of 10-15~10-14 

m2/s, yL  of about 0.5 μm, A B   of about 100 MPa since this strength difference is on the same order of 

magnitude as the overall strength [27], and   of about 10-29 m3 for Ni. The resulting *t  of about 1000s 

agrees nicely with the contrast between Figs. 2(c) and 2(d).  

 The phase diagram in Fig. 3(c) provides a clear illustration of the validity of both our 

chemomechanical modeling framework and the solution presented in Eq. (15), not through detailed 

parameter fitting, but rather via the elongation/rafting boundary described in Eq. (7). The following 

discussion is summarized in Table 1 for easy comparison.   

 Energetics: The Eshelby configurational force gives a local version, ⟦𝑊௘⟧ − 𝑇௜൳𝑢௜,௝൷𝑛௝, in Eq. (5), 

which can be integrated into our chemomechanical framework in Eq. (11). For the elongation mode, this 

leads to an overall version, applm  , by Nabarro et al. [15,16]. In contrast, the Herring formalism gives a 

local version, n   or mean  , in Eq. (8). For the rafting mode, our analysis gives an overall version, 

A B  , which is a fraction of appl  from Fig. 5. As m  is on the order of elastic strain, the Herring 

driving force is significantly larger than the Eshelby one. It should be reminded again that, as discussed in 

Fig. 4, some problems may only encounter the Eshelby configurational force (e.g., quantum dot formation), 

but some only see the Herring mechanism (e.g., Hull-Rimmer problem).  

 Kinetics: While not discussed in Nabarro et al. [15,16], the Eshelby configurational force is 

naturally embedded in the phase field model through the functional derivative. The use of Cahn-Hillard 
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equation implies the diffusional transport of compositional fields, governed by Eq. (6). In contrast, the 

Herring process involves the lattice diffusivity. All the above discussions result into the following contrast 

 Elongation: Species diffusivity × Eshelby configurational force ,0 exp Al
Al appl

g

Q
D m

R T


  

 
    

 
 (16) 

 Rafting:  Lattice diffusivity × Herring driving force  ,0 exp lattice
lattice A B

g

Q
D

R T


  

 
     

 
 (17) 

Although the driving force in Eq. (16) is significantly smaller than that in Eq. (17), the species diffusivity 

AlD  is in fact much larger than the bulk self-diffusivity latticeD . Note AlD  is by Al atoms diffusing in Ni 

solid solution with measurements dated back to 1950s [31,32]. The commonly used diffusion-couple 

method (e.g., [33,34]) measures the Darken interdiffusion coefficient, Ni Al Al NiD X D X D  , where AlD   

dominates. The lattice diffusivity, as suggested by Herring [25], is given by 

1

Ni Al
lattice

Ni Al

X X
D

D D


 

  
 

, where 

NiD  dominates. Swalin and Martin [31] gives AlQ  of about 64 kJ/mol, and Frost and Ashby [32] gives NiQ  

of about 284 kJ/mol. Referring back to Eq. (7), it can be seen that rafting elongation Ni AlQ Q Q Q     is about 200 

kJ/mol, which is exactly the value used in the boundary curve in Fig. 3(c). This is the strongest evidence 

that validates our mechanistic interpretation in Eqs. (16) and (17). Furthermore, a combination between Eqs. 

(16) and (17) gives the time ratio: 𝑡ா௦௛௘௟
∗ 𝑡ு௘௥௥௜௡௚

∗⁄ ≈
஽ಿ೔,బ
ം

௠ఋ஽ಲ೗,బ
ം 𝑒𝑥𝑝 ൬−

ொಿ೔
ം
ିொಲ೗

ം

ோ೒೅
൰ . Since the modulus 

mismatch and the lattice mismatch are around one percent, the elongation-to-rafting transition in Fig. 3(c) 

occurs around 2000 s, and diffusivity prefactors are similar [31,32], this estimate nicely gives a prefactor 

of about 107 s-1 in the thick black curve in Fig. 3(c).   

 As a side note, the mechanism governing microcrack growth in Fig. 1 can be explained as follows. 

If these cracks extend by self-diffusion of atoms from crack tips to the crack surface, the analysis will be 

similar to the formulation in Eq. (8). The tensile stress concentration reduces the chemical potential. Using 

the classic Rice-Chuang solution for grain boundary cavitation [35] but noting that the “grain boundary” is 

really the percolated γ stripe, we obtain the associated time scale 

  
 3*

1 lattice y appl

crack B

D L

t k T crack size

 
  . (18) 

Comparing to the characteristic time for rafting in Eq. (15), we get 

2
*

*
crack

y

t crack size

t L
 

   
 

, so that the time 

scale for diffusive crack growth is orders of magnitude higher than rafting. This mechanism is thus not 
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applicable in Fig. 1. An alternative mechanism is the plasticity-induced crack growth as in the Needleman-

Rice solution [36,37], so that the time scale is simply inverse to the applied strain rate. Results in Fig. 1 

show no dependence of these micro-cracks on temperature, and 1 appl  being about 1000 s agrees well with 

these observations.  

 

Conclusions  

 The classic rafting problem in γ/γ' superalloy is revisited, motivated by the identification of a 

mechanistic phase diagram, i.e., Fig. 3(c), derived from our recent experimental studies spanning a broad 

parametric space. Elongation and rafting modes are clearly distinguished, as our experiments demonstrate 

that at high temperatures and low loading rates, rafting occurs while γ' precipitate shapes remain essentially 

unchanged. The Eshelby configurational force considers only the reduction of elastic potential energy and 

is coupled with a species-diffusional process. In contrast, the Herring mechanism governs a self-diffusion 

flux from regions of low tensile/hydrostatic stress to regions of high stress, with the associated stress 

gradient arising from straightforward iso-stress and iso-strain constructions, as illustrated in in Fig. 5(b). 

The corresponding kinetics is controlled by lattice diffusion. A comprehensive chemomechanical modeling 

framework integrating both formalisms is established in Fig. 4. Their competition, as quantified by Eqs. 

(16) and (17), leads to a Zener-Holloman-type relationship in Eq. (7) which matches remarkably well with 

the experimentally observed elongation/rafting boundary in Fig. 3(c).  
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Table 1: Competing chemomechanical mechanisms as a foundation for the mechanistic phase diagram in 

Fig. 3(c).  

 

 Elongation Mode Rafting Mode 

Observations γ' precipitates elongation (Type N 
or Type P) 

γ phase forms percolated stripes 

Energetic driving 
force 

Eshelby configurational force 
(i.e., free energy reduction with 

respect to elongation) 

Stress-gradient-driven self-diffusion 

Kinetic process Species diffusion; Ni and Al 
compositional change in γ 

Lattice diffusion; primarily Ni atoms self-
diffusing in γ 

Activation energy 
AlQ  ~ 64 kJ/mol NiQ  ~ 284 kJ/mol 

Dominant 
parametric space 

Intermediate temperature and 
high loading rate 

High temperature and low loading rate 
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Figure 1: Selected SEM images of Ni-based γ/γ' single crystals at locations close to the final fracture 

surface. The tensile loading rate is 10-3 s-1 and the final fracture strain varies around 22~25% for all testing 

temperatures. Experimental details of SEM images see Ding et al. [6]. (a) 900 °C, loading time ~220 s, flow 

stress ~1000 MPa, and micro-crack sizes of 5~30 μm. (b) 1000 °C, loading time ~270 s, flow stress ~700 

MPa, and micro-crack sizes of 10~40 μm. (c) 1100 °C, loading time ~260 s, flow stress ~400 MPa, and 

micro-crack sizes of 4~25 μm. The micro-crack sizes are not correlated with the temperature.  
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Figure 2: Selected SEM images of Ni-based γ/γ' single crystals at locations close to the final fracture 

surface. The testing temperature is fixed at 1050 °C with the loading rate labeled, and the final fracture 

strain varies again around 20~25%. Experimental details of SEM images see Ding et al. [7]. (a) 10-1 s-1, 

loading time ~2.2 s, and flow stress ~850 MPa. (b) 10-2 s-1, loading time ~20 s, and flow stress ~700 MPa. 

(c) 10-3 s-1, loading time ~200 s, and flow stress ~550 MPa. (d) 10-4 s-1, loading time ~2000 s, and flow 

stress ~450 MPa. (e) 2×10-5 s-1, loading time ~10,000 s, and flow stress ~400 MPa. 
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Figure 3: Dependence of elongation versus rafting modes on temperature and loading rate. (a) The 

definition of geometric parameters. The loading direction is in the y axis. (b) The thick solid curves indicate 

the geometric ratios at fracture. Furthermore, at 900 °C and 1100 °C, data with respect to the tensile plastic 

strain are also added. For clarity, the y xL L 
 data are slightly shifted in the horizontal direction. All data 

were at a loading rate of 10-3 s-1. Experimental details of SEM images see Ding et al. [6,8]. (c) Combining 

our parametric studies in [6-9], a clear “mechanistic phase diagram” emerges, whereas the three black 

curves correspond to the Zener-Holloman Eq. (7) with activation energy difference of 200 kJ/mol and 

constants being 2.5×106, 5.0×106 (middle thick one), and 107 s-1 from bottom to top.   
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Figure 4: Schematic illustration of our chemomechanical modeling framework for the phase boundary. In 

the works of Socrate and Parks [14] and Nabarro et al. [15,16], the functional derivative of the total potential 

energy, i.e., the Eshelby configurational force, drives the interface migration. A distinct process is the 

Herring self-diffusion [25-29], which can take place at bulk or along interface. 
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Figure 5: (a) The composite model used to rationalize the stress gradient. Self-diffusion can take place in 

the matrix γ-phase from Location B to Location A and in the phase boundary from Location B* to Location 

A*. (b) Schematic illustration of the stress-strain curves of individual phases and the iso-stress and iso-strain 

constructions. Under the uniaxial loading, the composite can be regarded as stacking the layers of γ-phase 

only and the layers of γ/γ' in series. This is the iso-stress condition, so that Location A is at the applied 

stress level. The layer of γ/γ' is approximately under iso-strain condition, so that the stresses in γ phase 

(Location B) and in γ' phase (Location C) differ. 


